The early literature on black hole thermodynamics ignored the P -V term which has led to inconsistencies in the thermodynamic treatments of some black holes. Once the missing P -V term introduced, it has become custom to introduce it only in problems where there is a negative cosmological constant. This practice is inherited from cosmological approaches which consider the quantity −Λ/8π as the constant pressure due to a cosmological fluid. However, the notions of pressure and thermodynamic volume in black hole thermodynamics are very different from their counterparts in classical thermodynamics. From this point of view, there is a priori no compelling reason to not extend this notion of pressure and associate a partial pressure with each "external" density 8πTt
I. INTRODUCTION
For consistency of the thermodynamic laws, it has become custom to treat (some of) the physical constants, as thermodynamic variables [1] - [12] . If the conjugate variable associated with the physical constant C is denoted by Θ, the corresponding term ΘdC, added to the first law of thermodynamics, generally lacks a direct physical meaning [12] . It is preferable to introduce a new thermodynamic variable and its conjugate which both have a familiar physical meaning. These variables make up the missing P -V term in the first law of thermodynamics. Such a treatment should apply to any fundamental theory with many physical constants [9, 12, 13] .
Such a P -V term has arisen in all theories of gravitation where an extra negative cosmological density is taken into consideration. Very recently we have associated a P -V term with each of a positive cosmological density and a quintessential one [12] . Since a quintessential density is not constant, the associated pressure is the quintessential pressure evaluated at the horizon and V is its corresponding conjugate thermodynamic volume with respect to the enthalpy of the hole.
We aim to generalize that to any density included in the r.h.s. of the field equations G µ ν = 8πT µ ν (we use geometric units G = = c = k B = 1). In this approach, however, to have criticality, we associate no pressure (P = 0) with a linear electromagnetic density, that is, we treat an electric charge of a linear electromagnetic density as an intrinsic property of the black hole rather than an external force. Said otherwise, we dispose of a linear electromagnetic density as an internal part of the thermodynamic system. If a nonlinear electromagnetic density is present in the r.h.s. of the field equations, this will be split into a linear part with no pressure associated with, and a pressure associated with the remainder of the density.
This generalization extends to include the black holes of modified theories of general relativity, as Born-Infeld theory. Their field equations can always be brought to the form G µ ν = 8πT eff µ ν where T eff µ ν is the effective stress-energy tensor (SET) and 8πT eff t t is the effective external density.
As we shall see, the effect of the energy densities is linear, in that, each added contribution to the r.h.s of the field equations results in a P -V term in the first law of black hole thermodynamics.
We shall also show that the notions of, and the final expressions of the, thermodynamic potentials and thermodynamic volume depend on how one disposes of the densities as internal/extrenal forces.
Let the metric of the static spacetimes be of the form
with signature (+, −, −, −). We assume that f (r) = 0 has at least one root; in case f (r) = 0 has many roots, we will be concerned with the non-extremal event horizon r eh , which is the largest root satisfying f (r eh ) = 0 and f ,r (r eh ) > 0.
Throughout this note, we use the indexical and the usual notations for derivatives: f ,x ≡ ∂f /∂x. At the other roots of f (r) = 0, if there are any, that are larger than r eh , the derivative is negative. We assume that the metric (1) describes a static (nonrotating) charged black hole with a variable mass parameter M ≡ M (r). Such a metric describes all types of black holes including regular cosmological black holes with a de Sitter core [14] . Throughout this work, we dispose of the electric charge of a linear electromagnetic density as an internal, intrinsic, property of the black hole, that is, the energy density due to the electric field is not treated an an external, extra, density added to the r.h.s. of the field equations. In Sec. VII, however, we will deal with the case where we dispose of the electric energy density as an external force. With that said, the general expression of f reads f (r) = 1 − 2M (r) r + Q 2 r 2 − g(r, C)
where g(r) corresponds to extra energy density ǫ ext , added to the r.h.s. of the field equation, and C is some physical constant, which we will omit to write in most cases. Note that g may depend also on Q as well as on M , which we will omit to write too. The assumption M ≡ M (r) allows for a general treatment including fluid solutions used as regular cores [14] - [19] . In cases where lim r→∞ M (r) ≡ M ∞ exists, it is equivalent, in the context of our approach, to treat the mass parameter as constant by writing
and including the expression inside the parentheses into g(r) [an instance of application is provided in Sec. V D]. In Sec. II we consider the case with one physical constant then generalize to the multi-physical-constant black hole. We determine all the relevant thermodynamic potentials, thermodynamic volume, equation of state (EOS), and the expression for the pressure. In Sec. III we generalize the results to the case where the area law for the entropy no longer holds. Sec. IV is split into two parts, in the first one we discuss the criticality conditions for all black holes with special application to AdS ones, and in the second one we calculate the critical exponents for black holes obeying the area law for entropy.
Other applications are given in Sec. V where we apply the results to Born-Infeld-AdS, Born-Infeld-dS, Martinez-Troncoso-Zanelli, phantom Einstein-Maxwelldilaton (EMD), and three regular black holes one of which is determined in this work.
In Sec. VI we further generalize the results to include multi-physical-constant black holes surrounded by quintessence, and provide an application. Finally, the question how the P -V term could be introduced in the early literature on black hole thermodynamics is discussed with two applications given in Sec. VII. We conclude in Sec. VIII. Two Appendixes have been added: Appendix A has been added to show the relation between the enthalpy and the mass parameter and Appendix B to derive the differential equation to which the thermodynamic volume is a solution for black holes not obeying the area law for entropy.
II. THERMODYNAMIC POTENTIALS -NO QUINTESSENCE
From now on, we use the new radial variable
The entropy of the event horizon is assumed to be proportional to the event horizon area
where, almost throughout this paper, we will use conveniently the variable
instead of the horizon radius r eh . We introduce the one-variable function E(u) defined by
in terms of which we re-express f (u) as
On the non-extremal event horizon, we have
since the temperature of the nonextremal event horizon, defined by T = f ,r /(4π)| r=r eh , is positive as prescribed in (2):
where we have used E(s) = M (s) in the first line. On the event horizon, the other important thermodynamic variable is the electric potential
If ǫ denotes the total energy, ǫ ≡ 8πT t t , then the field equation
where we have set
which is the extra added density, that is, the total density ǫ reduced by the electric energy density Q 2 /u 2 . If no quintessence is present, the radial pressure P exerted on the event horizon is defined by
and this does not include the pressure due to the electric field density, which is treated as an intrinsic property (see Sec. VII for comments); however, it includes the pressure −M (s) ,s /(2π √ s) due to the mass gradient. Thus, the latter pressure is considered as an external effect. The other two non-radial components of the pressure are irrelevant for the thermodynamic of spherically symmetric black holes. Using (12) , P reads
We search for a function H(S, Q, P ) satisfying the properties
where T and A are given in (10) and (11), respectively. Here (S, Q, P ) are considered as independent thermodynamic variables; this is possible since P depends on (S, C), so it is possible to vary S and P independently recalling that C is considered as a thermodynamic variable. If g does not depend on any physical constant C, as in the examples treated in Secs. V C and V D where the mass parameter is constant, we use the latter as an independent thermodynamic variable or any other parameter other than the electric charge, in this case P depends on S and on the other parameter. Let us see if E(s) satisfies these two requirements. First, using (14), we rewrite (7) keeping explicitly the variables (S, Q, P ), which are taken as three independent variables
where ǫ ext (s), given by (12) , depends only on S (and on C) and it does not depend explicitly on P . Clearly, the requirement (17) is satisfied since (∂E(s)/∂Q) S,P = A but the requirement (16) is not
All we need is to modify the last term in the r.h.s. of (18) by adding a term depending only on (S, P ) of the form V (s)P where V (s) is to be fixed by the requirement (16) . Here V (s) is the so-called thermodynamic volume. So, H is of the form
Using (10), the requirement (16) yields
which is a differential equation. Using (15) to eliminate P we arrive at the simplified differential equation
the solution of which is given by
The final expression of H reads along with the necessary formulas
where V is the thermodynamic volume, which is equal to the geometric volume. The last line in (24) , where the differential of H(S, Q, P ) is expressed in terms of the thermodynamic variables (T, A, V ) as in classical thermodynamics, allows us to interpret H as the enthalpy of the black hole. For Schwarzschild black hole, the enthalpy H and the internal energy U = H − P V reduce to √ s/2 = M . It is straightforward to check that, if the mass parameter is constant, then H = M for a Schwarzschild de Sitter (dS) or anti-de Sitter (AdS) black hole. For a general black hole solution, we explore the relation between the enthalpy and the constant or variable mass parameter in Appendix A. We will particularly reach the conclusion that the pressure (15) for any black hole solution, where H = M , reduces to a simple expression P = −3g(s)/(8πs) (A.7) generalizing that of the charged dS and AdS black holes, which is P Λ = −Λ/(8π) with g Λ (s) = Λs/3. Another conclusion that we will draw in Appendix A is the discrepancy between the enthalpy and the mass parameter for the dS solutions with variable mass parameter used as regular cores [14] .
It is worth noticing that the expression of the enthalpy given in (24) is not the unique solution to the system of differential equations (16) and (17) . However, this expression is the physical one satisfying all the requirement of classical thermodynamics. For instance, one may derive another, but nonphysical, expression for H, as the following one, satisfying the requirements (16) and (17)
where the thermodynamic volumeV is the coefficient of P in (24) and α is any constant, but the corresponding internal energy does not reduce to M for a Schwarzschild black hole. Moreover, the internal energyH −PV for any black hole becomes a function of the arbitrary constant α.
Multi-physical-constant case
Generalization to the multi-physical-constant case is straightforward. If f is of the form
using the fact that the differential equation (12) is linear we obtain the generalized formulas
It is worth noticing that the first two terms in the expression of T are the contributions of the Reissner-Nordström event horizon and that each external density, including the mass gradient, contributes additively to the temperature of the black hole; positive densities reduce the temperature of the hole and negative densities have the opposite effect. H is homogeneous in (S, Q 2 , P −1 ) of order 1/2, the Euler identity yields the Smarr formula
The internal energy U (S, Q, V ) = H − P V has the following universal expression for all black holes:
which depends only on the intrinsic properties of the black hole and it does not depend explicitly of the external densities; this corresponds well to the definition of the internal energy in classical thermodynamics. Rather, U depends on the external densities only implicitly through s which is a root of f (s) = 0. V depends explicitly only on S and so it is a redundant variable as in the M = const case [8, 12] .
In the remaining part of this section we aim to derive general expressions for the other thermodynamic potentials, mainly, the Helmholtz F and Gibbs G free energies and the critical exponents.
Thermodynamic potentials. Using (27) , U = H − P V , F = U − T S, and G = H − T S we obtain F = T S +AQ−3V P and G = T S +AQ−2V P. (29) These expressions yield
for the Helmholtz free energy, where we have used (35) , and
for the Gibbs free energy, where we have used the fourth line in (26) . In (30), s is a function of
while in (31), s is an implicit solution to the EOS (35) expressed in terms of (T, P, Q).
The expressions (30) and (31) apply to all black holes if S = πs is the law for the entropy. They have been derived in Ref. [10] , by other procedures, for the special case of the charged AdS black holes [Eqs. (3.29) and (3.28) of Ref. [10] , respectively].
III. FURTHER GENERALIZATION: S
There have been a couple of entropy formulas modifying the usual area one S = πs. These modifications are either corrections to the area law [20] - [23] or extra terms and/or factors if matter is non-minimally coupled to gravity [24] - [26] . To the best of our knowledge, these modifications include the physical constants C i and the electric charge Q and so on. Whatever the type of the modification made to the expression of the entropy, we can assume S of the form [we keep using conveniently the variable s ≡ r eh 2 introduced in (6)]
where h(s) ≡ s if the area law applies. If S depends explicitly only on (s, C i ), then the enthalpy and internal energy are still given by the r.h.s.'s of (19) and (28), respectively, with S = πh(s, C i )
V is now a function of the C i 's and its determination is non longer straightforward. Even in the simplest case where S depends only on one physical constant C and on s, Eq. (20) takes rather a more complicated shape which is generally not tractable analytically (see Appendix B). We will not pursue this program any further. It is worth mentioning, however, that in this case, since V depends on (s, C), it is possible to vary independently S and V , and so V is non longer a redundant variable.
Another point worth to be mentioned is that the forth equation in (26) remains valid too in the general case where (32) applies. This is EOS rewritten as
The approach developed in this section has led, in the case where the area law for entropy applies, to universal formulas for the enthalpy, internal energy, thermodynamic volume and EOS. In the case the area law for entropy is altered, the only remaining valid formula 1 is that of the EOS (35) .
Whether the area law for entropy applies or not, the approach developed in this section applies to all black holes, even to black holes that are solutions to the field equations of modified theories of general relativity, as the Born-Infeld theory. The field equations can always be brought to the form G µ ν = 8πT eff µ ν where T eff µ ν is the effective SET. In this case, the expressions (12) of ǫ ext and (15) of P are definitions of the effective extra densities and effective total pressure. Here each density contributes a partial pressure and the total pressure is due to all densities, even a variation in the mass parameter contributes a partial pressure; only densities due to linear electrodynamics do not contribute to the total pressure (see Sec. VII for an alternative discussion).
Contrary to what one finds in the literature, where only the negative cosmological constant density generates the total pressure, our thermodynamic ensemble is such that the total pressure is generated by all densities except the linear-electrodynamic density. In case a non-linear-electrodynamic density is present, this is split into a linear part, which does not contribute to the total pressure, and a remainder part contributing to the total pressure. The advantage of doing so is to have a universal EOS (35) , universal expressions of the thermodynamic potentials and criticality [see Eqs. (26), (27) , (28) , (30), (31) , and (40)], and universal critical exponents (see Eq. (56) and Table I ) for all black holes.
Moreover, our thermodynamic ensemble introduces a new thermodynamic concept, that is, the concept of the "effective thermodynamic electric or magnetic potential" similar to that of the thermodynamic volume (generally different from the geometric volume), which is in general different from the physical potential. If S depends explicitly only on (s, C i ), then the thermodynamic electric potential is given by the second expression in the r.h.s. of (11) with S = πh(s, C i )
With this expression of A and that of H, given by (33), the identity (27) still holds if S = πh(s, C i ).
It is worth emphasizing that, in the derivation of the EOS (35), all we have employed is the notion of the effective total pressure; no notion of the concept of the effective thermodynamic potential was used. This is to say that the value of the last term in (35) , which is the contribution of the linear part of the (nonlinear, if any,) electromagnetic density, is invariant and unchanged under the transformation s → h while the value of the thermodynamic potential is altered.
IV. APPLICATIONS A. General considerations
Following Ref. [10] we identify of the specific volume v by introducing the physical thermodynamic quantities Pressure ≡ cP/ℓ P 2 and Temperature ≡ cT /k B , where ℓ P = G/c 3 is the Planck length. This has led to
Using this in the EOS (35) , this reduces to
where we use again the geometric units in which v = 2r eh . This is precisely the equation (3.15) of Ref. [10] which was derived for the charged AdS black hole, where P denoted the pressure due to a negative cosmological constant: P = −Λ/8π. In our Eq. (38), P denotes the effective total pressure due to all densities but the linear part of the electrodynamic density. So most of the results derived in Sec. 3 of Ref.
[10] apply to our general case (38) . There is a critical temperature T c below which a P − v diagram of isotherms shows a point of inflection as in a P − v diagram of the Van der Waals gas-liquid system. T c and the corresponding critical volume v c and pressure P c are solutions to ∂P ∂v T,Q = 0 and
which yield the values
preserving the value 3/8 for the ratio P c v c /T c , known for the Van der Waals gas-liquid system, but not the shape of the law of corresponding states which reads
where T = T c t, v = v c ν, and P = P c p. This is different from the law of corresponding states for the Van der Waals gas-liquid system. Another interesting point is where the isotherm becomes tangent to the v axis in a P − v diagram. This is the point
where the r.h.s. of (38) has a double positive root (2 √ 3|Q|) and a negative one (− √ 3|Q|). Notice the independence on the charge Q of the following quantities:
which, however, do possess a universal character only for black holes and they are not satisfied by the corresponding values of the Van der Waals gas-liquid system. We have thus shown, by a judicious choice of thermodynamic variables (P, v, T ), the possible existence, and universality, of criticality for the fixed Q sub-ensemble for all black holes, whatever the relation between the specific volume v (the radius of the event horizon r eh ) and the thermodynamic volume V is.
The existence of criticality depends on the sign of the pressure (15) . For the Reissner-Nordström AdS black hole, P = P Λ ≡ −Λ/8π > 0, but this does not guarantee the existence of criticality for any value of Q unless P c < P Λ , yielding
A Reissner-Nordström black hole exists only if Q 2 ≤ M 2 , we have thus reached the following constraint on the existence of criticality for the charged AdS black hole:
Moreover, since Λ is a thermodynamic variable in the context of modern black hole thermodynamics, fluctuations in its value ∆Λ are constrained by |∆Λ| ≪ |Λ| to ensure positiveness of the pressure, thereby, T 0 (42) is a lower-limit temperature for the charged AdS black holes. Λ being a small number, by (44) we see that only huge black holes, if any, may undergo criticality. It is easy to see that this critical behavior does not take place near extremality, as this can be shown on substituting the value of r c = v c /2 = √ 6|Q| into f (r) = 0, yielding the constraint where we have used (43) .
For black holes where the pressure (15) is positive, as is the case for the Reissner-Nordström AdS one, there are isotherms with an oscillating part that is totally above the v axis (T 0 < T < T c ), as shown in the generic Fig. 1 , and other isotherms with an oscillating part only partly above the v axis (0 < T < T 0 ). The transition from the small black hole to the large one may proceed along the isobar P = const > 0, as shown in Fig. 1 , where the value of P is selected on observing the Maxwell's equal area law (46).
For the Reissner-Nordström dS black hole, the pressure is still given by P = P Λ ≡ −Λ/8π < 0, since this is negative there is no way to observe criticality. By a similar reasoning to the one given in the previous paragraph, we conclude that T 0 is an upper-limit temperature for the charged dS black holes, however, in this case Q and M need not be huge.
For the Reissner-Nordström dS black hole where P < 0 (15), there is no oscillating part of the isotherm 0 < T < T 0 that is totally below the v axis. In fact, the oscillating part starts below the v axis and extends above it since, as v increases, it is the term T /v (T > 0) (38) that becomes dominating. The transition from the small black hole to the large one may proceed along the isobar P = const < 0, as shown in the generic Fig. 2 , where the value of P is selected on observing the law expressing the equality of the dark grey and light grey areas, with v 1 and v 2 being the specific volumes where the isotherm intersects the v axis and v b the largest specific volume where the isobar intersects the isotherm. This replaces the Maxwell's equal area law but mathematically is still expressed by the same line integral
For black holes where the pressure P (15) may have equally both signs, the equal area law as defined in Fig. 2 , and expressed by (46), applies to transitions with negative isobars.
In the case where S = πs, we have seen that the thermodynamic volume V is equal to the geometric volume (22) , as was the case treated in Ref. [10] , that is, V = πv 3 /6. Hence, the conclusion drawn in that reference, concerning the fact that the criticality cannot happen in the fixed Φ sub-ensemble, holds in our general case too. In fact, in this case our EOS (38) takes the same form as Eq. (3.14) of Ref. [10] 2 ,
which is derived from (38) on replacing Q 2 /v 2 by Φ 2 /4. Eq (47) has no critical behavior. However, in the generalized case where S = πs, the relation between V and v is no longer of the form V = πv 3 /6, as shown in Appendix B, and so the criticality may exist in the fixed Φ sub-ensemble. For instance, if S = πh(s, C), the EOS in the fixed Φ sub-ensemble takes the form
B. Special considerations: Critical exponents
In the remaining part of this section we restrict ourselves to black holes obeying the area law for entropy S = πs, which yields a geometric value for the thermodynamic volume V = 4πs 3/2 /3. We aim to derive general expressions for the critical exponents.
In terms of the thermodynamic variables used in this paper, the definitions of the critical exponents (α, δ, β, γ) along with their conditions of validity are given by [27] 
where ∆P = P − P c , ∆v = v − v c , ∆T = T − T c , and (k 0 , k 1 , . . . ) are constants. The entropy S being a function of V only, any (partial) derivative of S at constant V is then 0. Particularly,
this implies α = 0 and (k 0 = 0, k 1 = 0, . . . ). Taking into account (39) and (40), we see that δ = 3 since for (v − v c )/v c ≪ 1 we obtain
On the isotherm T < T c in the P − v plane, where −∆T /T c ≪ 1, the point (v c , P c ) is nearly a point of symmetry of the graph of the EOS (38) as shown in (51). This implies that the points v 1 and v 2 of Fig. 1 are such that
At the isobaric points (v 1 , P 1 ) and (v 2 , P 2 ), P 2 = P 1 , on the same isotherm T < T c (see Fig. 1 ), we obtain upon expanding (38) for (v − v c )/v c ≪ 1 and (T − T c )/T c ≪ 1
2). (53)
Subtracting term-by-term these last two equations and using (52) to reduce (
we arrive at
implying β = 1/2. Using this last equation along with (52) we arrive at the other interesting result
With V = πv 3 /6, write κ T as
then evaluate (∂P/∂v) T from (53), after replacing (P i , v i ) by (P, v) to get
which results in γ = 1. The four critical exponents are tabulated in Table I. They satisfy the following thermodynamic scaling laws [28] : Symbol α δ β γ Value 0 3 1/2 1
V. FURTHER APPLICATIONS A. Born-Infeld-AdS and Born-Infeld-dS solutions
The Born-Infeld theory of general relativity [29] admits a black hole solution in dS/AdS spacetime given by [30] - [32] 
This metric has different types of black holes the conditions of their existence, which depend on the values of (M, Q, b, Λ), are discussed in Ref. [11] . Here we assume that these conditions are met and that f = 0 has a nonextremal event horizon. We also assume that the cosmological constant Λ has both signs, this will allow us to thermodynamically treat equally the dS and the AdS cases. In the limit b → 0, where b is the strength of the electromagnetic field, the solution (57) reduces to the Reissner-Nordström black hole in dS or AdS spacetime.
This solution can be brought to (3) on adding and subtracting Q 2 /r 2 , so that √ sg(s) takes the form
where 2 F 1 is the hypergeometric function. The value of the pressure (15) reads
The first two terms are constant contributions where each physical constant, (Λ, b), contributes a partial pressure. This is only apparent and it does not mean that, besides the constant pressure due the cosmological density, the nonlinear electromagnetic field contributes an additional constant pressure. In fact, in the limit s → ∞ the term b 2 /(4π) cancels out. The last two terms count for the effective contribution of the nonlinear electromagnetic field from which the linear part has been expelled.
For fixed (Q, Λ, b), P monotonically decreases as s increases, for
With lim s→0 + P = ∞ and lim s→∞ P = P Λ = −Λ/(8π) we see that P (s) is always positive for Born-Infeld-AdS black holes and that P (s) vanishes one time then becomes negative for Born-Infeld-dS black holes. With P c > 0 (40), we conclude that
(1) criticality is attained for Born-Infeld-AdS black holes for some values of (Q, Λ, b);
(2) criticality is attained for small Born-Infeld-dS black holes where P (s) remains positive; (3) no criticality for large Born-Infeld-dS black holes where P (s) is negative.
For both Born-Infeld-AdS and Born-Infeld-dS black holes, there is an isobaric transition from the small to the large black hole where the value of the isobar P = const > 0 is selected on applying the Maxwell's equal area law. For Born-Infeld-dS black holes, a possible isobaric transition occurs at P = const < 0 from a large black hole to a huge one, as shown in Fig. 2 . When this is the case, the isobar P = const < 0 is selected on applying the equal area law defined in Fig. 2 .
These conclusions do not depend on the shape of the entropy function, for they are based on the EOS (38) which does not dependent on the form of the function S. Now if S = πs, then V = 4πs 3/2 /3 and all the above derived equations concerning the thermodynamic functions [Eqs. (26) , (27) , (28), (30) , and (31)], critical values and law of corresponding states [Eqs. (40) , (41), and (42)], critical exponents (Table I ) and related conclusions and figures remain valid.
B. Martinez-Troncoso-Zanelli solutions
Martinez-Troncoso-Zanelli (MTZ) black holes are spherically symmetric solutions to the Einstein equations with a conformally coupled scalar field [33] . If
is the scalar field self-interaction potential, where β 2 is a coupling constant,
the metric function f is given by
and the scalar field by
which is regular on the horizons. The latter are nonextremal provided
The saturation in (60) corresponds to the neutral solution and the condition β 2 > Λ/36 implies the existence of charged solutions where the charge is related to the mass by
The metric (61) can be brought to (3) on adding and subtracting Q 2 /r 2 , so that √ sg(s) takes the form
where we have used (63). The value of the pressure (15) reads
Using (62), this is always increasing and negative, and lim s→∞ P = P Λ = −Λ/(8π). Thus, criticality is not attained. A possible isobaric transition occurs at P = const < 0 from a large black hole to a larger one [as shown in Fig. 2 ], provided (62) remains satisfied. When this is the case, the isobar P = const < 0 is selected on applying the equal area law defined in Fig. 2 . These conclusions do not depend on the shape of the entropy function, for they are based on the EOS (38) which does not dependent on the form of the function S.
The entropy of the MTZ black holes is not given by the area law S = πs [34] , thus some of the above determined quantities, as the critical exponents (Table I) , are not valid.
C. Phantom solutions
We consider black holes of EMD theory [35] . Their thermodynamics [36] and critical phenomena [28] , in the fixed-charge ensemble, were already investigated but without including the P -V term. The metric of these holes reads
where M and Q are the mass and the charge and r + = r eh = √ s. The metric in (66) includes two types of EMD black holes, cosh and sinh, satisfying η 2 (1 + γ) < 0 for cosh, η 2 (1 + γ) > 0 for sinh. (67) Here η 1 and η 2 are the phantom couplings of the dilaton field ϕ and Maxwell field F = dA, respectively. Normal EMD corresponds to η 2 = η 1 = +1.
We restrict ourselves to the case γ = 2 and η 2 = −1, which is the cosh black hole of the E-anti-M-anti-D theory. With q 2 ≡ Q 2 /M 2 , its metric function f and √ sg take the following forms:
where we have used the last line in (66) to express r + and r − in terms of M 2 and Q 2 . This yields the pressure (15)
Notice that this black hole does not have an extremal case for r + > 0 and r − < 0 by the last line in (66). There is thus no restriction on the upper limit of q 2 (> 0) (the case q 2 = 0 is the Schwarzschild solution). Clearly, for all q 2 > 0 and s > 0, P is a positive decreasing function of s. We conclude to the existence of criticality and to transitions from small to large black holes.
For this type of black holes we may have S = πs [28] yielding V = 4πs 3/2 /3. When this is the case, all the above formulas derived under this hypothesis remain valid.
D. Regular black holes

Ayón-Beato-García black hole
The metric function f of the Ayón-Beato-García regular black hole [37] is given by
where M and Q are the mass and the electric charge. Bringing this metric function f to the form (3) we obtain
which depends on M and Q 2 . The pressure formula (15) yields
Knowing that the extremality condition for this black hole is M 2 /Q 2 ≃ 2.49 [38] , we consider only black hole configuration corresponding to M 2 /Q 2 > 2.49. With lim s→0 + = ∞ and lim s→∞ = 0 − , we see that P (s) may assume any positive value and that it has a negative absolute minimum value. First, criticality is attained for M 2 /Q 2 > 2.49. Second, contrary to Reissner-Nordström black hole, where the isobaric transition from small to large black holes occurs at P = 0, this transition occurs at positive pressures as well as at negative ones, as shown in Fig. 2 , provided the value of the isobaric pressure remains larger than the negative absolute minimum value.
To our knowledge, there are no corrections to the area law for entropy, so we can assume S = πs, and thus all the above formulas derived under this hypothesis remain valid.
Charged regular cores
In Ref. [15] the properties of a regular core with the dS interior and variable mass parameter were investigated. Its metric function f reads
In the limit r → 0, f behaves as a dS solution: f = 1 − r 2 /r 0 2 + O(r 5 ) with r 0 2 = 3/Λ. Since the electric charge is 0, the corresponding EOS (38) does not show any critical behavior (see Sec. VII for a similar discussion). For this case Q = 0, transitions from small to large black holes occur for positive pressures only since the equivalent of Fig. 1 would be a plot extending to infinitely negative pressures, reaching a positive absolute maximum value, then decreasing and
We rather like to investigate the charged counterpart of (72) which we assume of the form
In the limit r → 0, f behaves as a dS solution
and in the limit r → ∞, f approaches a ReissnerNordström solution
In the context of our approach, we may consider the solution either as a variable mass regular core (73) or as a constant mass one (74); in both treatments, we reach the same conclusions. In the latter case, we obtain from (74)
and from (15) [with M (s) ,s = 0)]
Extremality cannot be determined analytically, however numerically, we confirm the existence of two separate roots of f (r) = 0 for some set of the parameter (M, Q, Λ).
This case is very similar to the case treated in the previous section, for lim s→0 + = ∞ and lim s→∞ = 0 − . This implies that P (s) may assume any positive value and that it has a negative absolute minimum value. Thus, criticality is attained when the black hole solution exists. Similarly to the previous case, the isobaric transition from small to large black holes occurs at positive pressures as well as at negative ones provided the value of the pressure remains larger than the negative absolute minimum value.
We assume S = πs, as is the case with the neutral solution (72), and thus all the above formulas derived under this hypothesis remain valid.
This thermodynamic behavior, of the two charged regular black holes considered here, extends most likely to all known charged regular black holes.
VI. THERMODYNAMIC POTENTIALS IN PRESENCE OF QUINTESSENCE
Quintessence could also be introduced via an effective energy-stress tensor T eff µ ν ≡ T q µ ν . If the mass is con-stant and quintessence is present alone with no other external forces,
, the only modification one needs to introduce is to modify the r.h.s. of (14) so that the partial pressure P q due to quintessence is given by
The corresponding thermodynamic volume V q still satisfies (20) where we drop the term 2M from the r.h.s.
This yields, using (76), V q, s = −2π √ s/ω, so that
The expression of H and the corresponding formulas (24) become
Generalization to the case where, besides quintessence, other external forces are also present is straightforward due to the linearity of (20) . In this case the metric function f , including a variable-mass term, takes the form
The general expressions extending (26) to include quintessence read
This set of equations generalizes the results concerning the Reissner-Nordström-de Sitter black hole surrounded by quintessence [12] to all spherically symmetric black holes, whether they are solution to G µ ν = 8πT µ ν or not. The EOS forms (35) and (38) generalize to [the fifth line in (80)]
To generalize the other thermodynamic potentials, we need first generalize the Smarr formula (27) . Since H (80) is homogeneous in (S, Q 2 , P −1 , P −1 q ) of order 1/2, this becomes
which, along with U = H − P V − V q P q , F = U − T S, and G = H − T S yields
where we have used V q = −V /ω. We see that the expression (28) of U remains unchanged. The expression (30) also remains unchanged as this is clear from (81) and (83). This confirms the statement made in Ref. [12] : "The internal energy of any static charged black hole, with possibly a variable mass parameter, does depend explicitly only on the intrinsic properties of the black hole." The final expression of G reads
where s is an implicit solution to the EOS (81) expressed in terms of (T, P − P q /ω, Q).
Application. In 4-dimensional spacetime, a spherical symmetric Reissner-Nordström black hole plunged into the field of a spherical symmetric quintessence has its metric function f given by [42] f (r) = 1 − 2M r + Q 2 r 2 − 2c r 3ω+1 , −1 < ω < 0 and c > 0.
Here we are using the notation of [12, 43] . If we include a cosmological constant, the metric takes the general form
, with − 1 < ω < 0, and c > 0. (86) This is of the form (79) with g = g Λ = Λr 2 /3 and g q = 2c/r 3ω+1 yielding
If Λ > 0 or Λ = 0 (no cosmological constant), the l.h.s. of (81),
is negative, so criticality is not observed, but transitions from small to large black holes are possible as shown in Fig. 2 . If Λ < 0, the l.h.s. of (81) is positive only for large v(= 2 √ s). So criticality may be attained for large values of v provided (43) and (44) hold, that is, provided M is large enough. But this is likely the case, since large v corresponds to large M . These conclusions remain valid for all values of ω.
The special case Λ < 0 and ω = −2/3 was treated analytically in Ref. [44] in the P Λ = const > 0 ensemble without discussing further constraints on criticality. The conclusion remains qualitatively the same as the one made here since in this ensemble criticality is also subject to the constraints (43) and (44) . In this ensemble, the enthalpy is equal to the mass parameter M [44] while the enthalpy in our P Λ − P q /ω = const ensemble is given by the first line in (80) with P = P Λ . So the two enthalpy functions are related by [12] M = H + 4π 3
Two other illustrative examples of such a relation between the enthalpy functions of two different ensembles or systems are provided in the following section.
VII. THE P P P -V V V TERM IN THE EARLY LITERATURE ON BLACK HOLE THERMODYNAMICS
The thermodynamics of charged black holes is usually treated in such a way to highlight the term AdQ (which is the work done by electric forces) in comparison with classical thermodynamics. Within the framework of our approach, we show that this term could be absorbed in a P -V term; the one and the other approach correspond to different ensembles.
For the sake of example, we first consider the ReissnerNordström black hole. So far we have treated the electromagnetic field as an intrinsic property of the black hole. Now, we treat the field as an external force exerting a pressure on the horizon, that is, we consider the ReissnerNordström black hole as a neutral (Q = 0) Schwarzschild hole in an external electric field. In this case (3) takes the form
The pressure P e due to the external electric field is derived from (15)
Using (24) (with Q = 0), we obtain the enthalpy and temperature of a Schwarzschild black hole immersed in a radial electric field
Using (90), it is easy to check that the temperature T (91) is that of a Reissner-Nordström black hole. Using this in d(H e − M ) = V dP e − AdQ = 0 5 , we see that the enthalpy is different from the mass parameter. In fact, we directly evaluate H e on substituting (90) in the first line of (91)
This is to say that the enthalpy of the ReissnerNordström black hole [derived from (24) setting P = 0 but Q = 0], which satisfies H = M , is not the enthalpy of the Schwarzschild black hole immersed in an electric field having the same value as that of the Reissner-Nordström black hole and same temperature. This seems obvious, noticing that the enthalpy is used in processes where the pressure is held constant, and that the thermodynamic processes P = const (= 0) and P e = const ( = 0) are very different. In the former process, the parameters are subject to no constraint and in the latter one Q and S are subject to Q 2 = const s 2 (90). The general expression providing the enthalpy change between two systems where the linear part of the electromagnetic field is seen an internal/external to the system is √ πQ
This is the potential electric energy of the internal linear part of the electromagnetic field minus the pressure work of the external linear part.
In the P = 0 ensemble, while still the EOS (38) is satisfied, no criticality is observed for P = 0 < P c . The EOS of the P = P e ensemble reduces to
and this has no critical points; the graph of P e versus v is a plot extending to infinitely negative pressures, reaching a positive absolute maximum value, then decreasing and finally approaching 0 from above for large values of v. In the P = 0 ensemble there is an isobaric transition from a small black hole to a large one at P = 0 and at some temperature T < T 0 < T c selected to satisfy the Maxwell's equal area law. There is no such transition in the P = P e ensemble since the r.h.s. of (94) is monotonically increasing when its value is negative, that is, there is no coexistence for negative pressures. Another example is the black hole of the Born-Infeld theory, which was treated in Sec. V A considering the linear part of the electromagnetic field as an internal property and the nonlinear part as an external force. It could be treated considering all the electromagnetic field, including its linear part, as an external force. In that case, the terms Q 2 /(8πs 2 ) and 2Q 2 /(πv 4 ) in the r.h.s.'s of (59) and (38) , respectively, would disappear. The remaining EOS, similar to (94), would have no criticality, and there would be no isobaric transitions from small to large black holes. The enthalpy change is given by (93).
We see that considering the linear part of the electromagnetic field as (internal) part of the thermodynamic system and treating the remaining part of the field as an external force enriches the thermodynamic investigation of black hole solutions.
VIII. CONCLUSION
The thermodynamics of black holes may be described by different choices of variables, which means that the notion of ensembles for black holes is larger than that in classical thermodynamics. These choices range from parametric to physical, in that, some descriptions make use of parameters leading to extra terms, as ΘdC, not having a direct physical meaning, and some other descriptions rely on physical variables leading to thermodynamic entities with which one is familiar, as P -V terms.
Based on the idea that the linear contribution of the electromagnetic field is seen an intrinsic property of the thermodynamic system, we have made a judicious choice of the thermodynamic variables by redefining theme, particularly a judicious choice of the pressure, by which we derived expressions for the thermodynamic potentials, thermodynamic volume, and critical exponents that apply to all black holes obeying the area law for entropy.
Whether the area law for entropy applies or not, another fact derived in this work is that criticality may exist only for charged black holes. Using the universal EOS, we have shown that the transitions from small to large black holes occur for positive as well as negative pressures depending on the nature of the, neutral or charged, black hole solution, contrary to classical thermodynamics where these transition take place for positive pressures only.
For many black hole thermodynamic applications, the mass parameter does not seem to be the appropriate thermodynamic potential.
A common feature to charged regular black holes is that they show critical behavior, contrary to ReissnerNordström singular ones, and their isobaric transitions from small to large black holes occur for both signs of the pressure. The inclusion of the P -V term has removed any inconsistency in their thermodynamic treatment since this is better described using the enthalpy (which is different from the mass parameter) and applying the area law for entropy.
Finally, the inclusion of quintessence has shown that the thermodynamic volume for non-rotating solution may be different from the geometric volume. This property is already known for rotating solutions [8] .
and K 2 with Λ/3. Conversely, if g ∝ u, then (A.3) yields M = const. We have thus shown that, for a ReissnerNordström black hole, a charged dS, and a charged AdS black hole with a constant mass parameter, H = M .
For a Reissner-Nordström black hole, a charged dS or AdS black hole with a variable mass parameter where g = K 2 r 2 , H = M [H = E(s)]; rather,
where M (s) ,s = M (u) ,u | u=s . This shows that for the dS solutions used as regular cores [14] - [19] , where the mass parameter is not constant, the latter is different from the enthalpy and related to it by (A.3), where E(s) is the value of the mass parameter on the horizon. We have just seen that if the mass parameter is constant, the charged dS and AdS black holes (including Reissner-Nordström black holes) satisfy (A.4); other black hole solutions may satisfy (A.4) provided the mass parameter depends on r. When this is the case we have H = M and the pressure (15) reduces to
generalizing the expression of the pressure for the charged dS and AdS black holes, which is P Λ = −Λ/(8π) with g Λ (s) = Λs/3 (A.5). Consider Eq. (33) where we assume that the thermodynamic volume V is a function of (S, C). Differentiating (33) with respect to S then replacing S by πh(s, C) we obtain ∂H ∂S Q,P = W + V ,S P, (B.1)
Similarly, setting
the requirement (16) yields
where we have used the expression of T as given in (26) .
To determine V ,s in terms V ,S we use (15) where P is kept constant; if g depends on Q, then this is also kept constant. We are led to, upon differentiating 4πP 3) and (B.5), P (s) is given by the r.h.s. of (15) . Notice that the r.h.s. of (B.5) reduces to (21) if h(s, C) ≡ s which yields h ,C ≡ 0 and w = W . The differential Eq. (B.5) is not generally tractable analytically.
